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ABSTRACT

The development during the past decade of guidance-oriented educational testing
programs is surveyed together with the resulting need for statistical methods for educational
information systems. Bayesian methods are described as being uniquely capable of combining
prior, collateral, and direct experimental information to provide probabilistic statements about
parameters descriptive of students, educational programs and their relationships. The Bayesian
statistical methods needed for these applications are described.
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BAYESIAN CONSIDERATIONS IN
EDUCATIONAL INFORMATION SYSTEMS!

Melvin R. Novick

For many years students’ scores on academic
aptitude tests have provided selective coileges and
universities with one important piece of informa-
tion relevant to their decision of whether or not to
select a particular applicant. Such tests have had
the desirable effect of making admissions decisions
for these institutions more dependent on academic
promise and less dependent on status and
influence. The result has been a broadening of the
base of educational opportunity in this country. |
am confident that these tests will continue, for
some time, to serve this function.

Our educational system now, however, is in
the process of redefining its constituency at the
postsecondary level (Munday & Rever, in press) to
include essentially all students who can effectively
benefit from any additional education {Harcleroad,

1970; Novick & Jackson, 1970). This trend is best
seen in the recent and projected growth in the
number of students attending community coileges.
One result of this trend is the growing number of
students in nonselective colleges. Decisions of
consequence for such students center largely
around the choice of program of study.
Concomitant with this growth there has been a
broadening of the range of available educational
opportunities. If this broadening continues, and if
there is an increase in the diversity of training

'Paper read at the 1970 Invitational Conference on Testing
Problems to be published by Educational Testing Service in the
Proceedings of the conference. Reproduced by permission of
Educational Testing Service, Princeton, New Jersey.



methods to accommodate students with different
ability profiles, we shall approach a meaningful
national policy of open admissions. This does not
suggest that any one institution will need to
encompass any greater range of programs or any
greater number of students than it can effectively
handle. It means only that the educational system
as a whole will serve a much wider constituency.

In this situation it will be both possible and
desirable to maximize the informed participation
of each student in the decisions that affect his
educational career {Novick & Jackson, 1970).
indeed, to a very great extent it will be the
student, not the college, who is the primary
decision maker. It will be the student who requires
information about himself, the colleges, and the
particular programs that may be relevant to his
goals. In this context, educational testing becomes
just one component of a decision-oriented
information transmittal system having a guidance,
rather than a selection, orientation.

The American College Testing Program {(ACT),
since 1964, has provided a guidance-oriented’
information system, which is now used annually by
approximately one million college applicants to
both 2- and 4-year colleges and universities. This
program provides the student with test scores and a
variety of other information about himse!f. It also
provides him with predictions of his potential
performance at colleges in which he is interested.

The College Entrance Examination Board has
recently begun offering an information system,
The Comparative Guidance and Placement Program
(CGP), specifically for use in the community
colleges. The ACT and CGP programs are alter-
natives appropriate for students in academic cur-
ricula in the community colleges. A new guidance-
oriented information system, the Career Planning
Program (CPP), iscurrently under development by
ACT for use by students in vocational-technical
curricula. The CPP and CGP programs are alter-
natives for students in these curricula.

Thus, for the past decade, we have been
witnessing a continuing reorientation of services
offered at the postsecondary level by the major
testing organizations {Turnbull, 1968). The present
trend will undoubtedly continue, and Bayesian

statistics can, | think, make an important con-
tribution in this new setting {Novick & Jackson,
1970).

The Bayesian method is unique in providing a
formal mechanism for combining observational
information with prior information or beliefs to
provide posterior, or after the sample, probability
distributions for parameters of interest such as
student abilities, institutional mean values or
regression coefficients relating performance criteria
to test scores. A typical Bayesian statement made
after observing a small random sample of persons
would be of the following form: the probability is
95 that the mean ACT English score of examinees
from the State of lowa in the year 1969 lies
between 20.4 and 23.2. The length of such a
credibility interval would depend largely on the
number of observations in the sample.

The posterior probability distribution is inter-
preted by Bayesians as a formal numerical rep-
resentation of the state of knowledge about the
parameter of interest. (It literally carries all of the
available information about the parameter.)
Certain characteristics of this posterior Bayes
distribution are of particular interest. For example,
such measures of central tendency as the mean, the
median, and the mode are useful as general
descriptors, the mode being the mast probable
value of the parameter. The reciprocal of the
variance of the posterior distribution is @ measure
of the precision of available information.

The heart of the Bayesian method is Bayes
theorem which says that, given the data, the
posterior distribution of the parameter is pro-
portional to the product of (a) the distribution of
the data, given the parameter and (b) the prior (or
before the sample) distribution of the parameter.
The first of these distributions is what is often
called the model distribution and is just that used
in classical forms of parametric inference. Bayes
theorem itself is a straightforward application of
the basic theorem of conditional probability and
hence enjoys general acceptance. In effect, Bayes
theorem adds sample information to prior informa-
tion to provide a formal representation of posterior
information. The Bayesian method may thus
justifiably be thought of as a formal system of



information accumulation.

in many simple applications Bayesian
credibility interval statements either coincide
numerically with classical confidence interval state-
ments or differ only by trivial amounts. The two
kinds of interval statements, however, have quite
different meanings. The classical statement is "'the
probability is .95 that the obtained confidence
interval will cover the true mean.” This is a
statement about the interval not the mean. The
Bayesian statement is '‘the probability is .95 that
the true mean lies in the specified credibility
interval.” The Bayesian statement is a direct
statement about the mean; many people find it
preferable.

The price one pays for the elegance of the
Bayesian analysis is the need for specifying a prior
Bayes distribution summarizing prior information
or beliefs, There is controversy on this point
because (a) some people do not wish to interpret
probabilities as degrees of belief, but only as
relative frequencies as in classical theory and, (b}
even accepting a belief interpretation for probabili-
ties there is still a very real problem of just how to
qguantify these beliefs. The latter problem is
particularly acute because in any important study
experts will disagree on the evaluation of prior
information. Indeed the purpose of the study is
typically to resolve such disagreements.

in 1963 a major paper by Edwards, Lindman, .

and Savage describing Bayesian methods appeared
in the Psychological Review. This paper described
the Bayesian method as an explication of a theory
of personal probabilities with which the names of
Ramsey (1963), de Finetti {1964}, and Savage
(1954) are most prominently associated. The
impact of this paper was enhanced by the
enormous popularity that Bayesian methods were
enjoying in business applications, primarily as a
result of the efforts of Schlaifer {1959).

The Bayesian personal probability method is
described as resting on two foundational supports.
The first of these, developed in the Review paper,
is a theorem showing that if each investigator uses
a reasonable prior distribution, all posterior
distributions will eventually converge and we will
thus have stable estimation. Thus, the Bayesian

method is shown to have the requisite property of
eventually resolving prior differences of opinion.
The second support for the theory is based on
an argument due to de Finetti and formalized in a
theorem by Savage {1954). In essence the theorem

says that if you wish to be sure of behaving in a
logically consistent or coherent manner in any
decision situation, then you must effectively
behave as if you have a prior distribution and you
must effectively use Bayes theorem. An
implication of Savage’s theorem is that if you
behave in a non-Bayesian way in a betting situation
your opponent can specify a sequence of bets that
would appear favorable to you and that would, in
the long run, almost certainly lead to a loss by you.
One might expect these arguments to be com-
pelling, for who would choose to bear both the
professional scorn and the economic ruin that
logical inconsistency promises to bring.

Many papers have also appeared showing that
we!l accepted principles of classical inference can
lead to very unsatisfactory results (Bock & Wood,
in press; Cornfield, 1970). For example the usual
classical unbiased estimate of a between-group
variance component can be negative even though a
variance component must, by definition, be non-
negative (Novick, Jackson, & Thayer, in press). In
contrast, the Bayesian estimate is always non-
negative, Despite this, the Bayesian method did not
receive on the spot acceptance because of a
perceived weakness involving the selection of the
prior distribution. According to the personal
probability theory each investigator constructs his
own prior distribution by means of a self-
interrogation or introspection of how he would bet
on various possible values of the parameter. No
attempt is made to attain any sort of pre-
gxperiment consensus among investigators; rather,
great reliance is placed on the principle of stable
estimation.

The wusual objection raised to personal
probabilities is that it is the antithesis of science to
let each experimenter select his own prior
distribution. Somehow, it is thought, the prior
information must depend on prior data. This is
very difficult, however, because prior information
is typically fragmented and the evaluation of it is



subject to individual interpretation and bias.

It also seems evident that while the business
entrepreneur need convince only himself of the
reasonableness of his action, the scientist is
typically trying to convince someone else—a
journal editor, a research grant committee, or an
audience such as gathered here today. It seems to
me, that this necessitates, that in scientific
publication one of two things must be done. Either
the prior distribution must be as well justified as
anything else in the study, or, for argumentative
purposes, the scientist must present a parallel
analysis showing that even with a prior distribution
that others might specify, the results of the present
experiment support his contentions.

The technique | now wish to discuss makes it
possible to construct a prior distribution from the
data at hand. and thus to largely depersonalize
personal probabilities. This technique can be used
whenever inferences are made simultaneously
about a large number of persons, schools, or other
experimental units, for example, in estimating the
true scores (i.e., expected scores) of members of a
well-defined group of examinees. We know that the
observed score for a person has an error distribu-
tion centered at his true score. But since we treat
our examinees as having come from a population
of potential examinees, we also have a distribution
of (unobservable) true scores. Thus we have the
well-known model Il, the variance components or
random effects model, which has been well-studied
along classical lines by many statisticians including
Cornfield and Tukey (1956). The model has been
used in a semi-Bayesian way to estimate means by
Robbins (1954/55) and by Stein (1962). Earlier
still, this model was used to estimate means in
educational work- by Kelley (1927). Recently
Bayesian analyses for the estimation of means with
this model have been provided by Box and Tiao
(1968) and by Lindley (in press) and applied in the
field of public health by Cornfield (1969). A
comparison of some Bayesian and classical
methods has been done by Novick, Jackson and
Thayer (in press).

The ‘Kelley (1927} regression estimate of true
score given observed score has a form that closely
approximates other model |l solutions. That

estimate is just a weighted average of the person’s
observed score and the mean observed score in the
population, the weights being, respectively, the
reliability of the test and one minus the reliability.
Thus the regression estimate of true score depends
not only on the direct observations on the
particular person but also on the indirect or
coflateral information gained from all other
observations in the specified group.

This regression estimate makes sense. If we
have an unreliable measurement on any person, a
heavy weight is given to the mean value of the
population of which he is a member and the
estimate is regressed back nearly to that value. If

" our measurement is very reliable it gives little

weight to this poputation value and there is very
little regression. |n intermediate cases there is anly
partial regression to the overall mean. Kelley
{1927) showed that the overall mean squared error
is substantially reduced by using this procedure
when the reliability itself is low or moderate.

The various Bayesian and semi-Bayesian
approaches to this problem yield results that are
very similar to those obtained by Kelley. Robbins
(1954/55) captured the spirit of what was being
done when he pre-empted the name empirical
Bayes for his procedure. In effect what is being
done here is to use the collateral observations to
estimate the parameters of the prior distribution
for each person and then to use the direct
observations to get the posterior distribution.
Robbins’ procedure differs from the full Bayesian
model |} analysis in that he uses a classical method
to estimate the parameters of the prior distribution
for the Bayesian analysis, while the full Bayesian
analysis also does this in a Bayesian way. My own
feeling is that the new Bayesian procedures are as
empirical as is Robbins’ procedure, possibly more
so. They are certainly more illuminating
theoretically, and only they provide a formal
method for combining both prior and collateral
information.,

A third foundational support for Bayesian
work, and particularly for Bayesian model I
analysis, is contained in a theorem, due to
de Finetti {1964) and generalized by Hewitt and
Savage (1955). If our prior information about the



various persons is identical, then we have what
de Finetti calls a symmztric or exchangeable
prior distribution for the person parameters. The
de Finetti-Hewitt-Savage theorem states that any
exchangeable prior distribution is equivalent to a
prior distribution obtained under the assumption
that the persons were randomly sampled from
some population, and hence that model Il is
applicable. The strength of this theorem now seems
very great. It means that a model |l analysis will
typically be preferable to a model |, i.e., fixed
effects analysis (Lindley, in press}.

Despite our well-displayed fondness for the
Bayesian model Il estimation of means, we must
acknowiledge there can be a problem. It may add to
overall efficiency to reduce our estimate of a
person’s true score because we identify him with
some population that has a lower mean true score,
but it may not appear fair. Suppose, in a selection
situation, one person has his score lowered by this
regression to the population mean and a second
person from a population with a higher mean true
score has his score raised. Suppose further that this
results in an inversion in the ordering of the
reported scores and that, as a resuit, the second
person is selected for college admissions and the
first is not. We would certainly be hard put to
convince the first examinee, his parents and his
fawyer that he had been treated fairly.

We do not mean to suggest that model II
cannot be used in a selection situation, only that to
do so fairly may require a much more careful
selection procedure; one, for example, that
considers in a full decision theoretic analysis the
differential utility of accepting persons from the
different groups. The important point though is
that the whole situation changes when the student
becomes the decision-maker, i.e., when we are
considering a guidance rather than a selection
situation. The decision of what to do with this
information then falls to the student. He may, for
example, want to modify our estimate using
information available to him but not to us.

Actually, the above discussion is largely
academic with a test like the SAT, which is very
long and reports only two scales, and therefore has
high subtest reliability. The regression estimates of

true scores will then differ little from the observed
score. In multi-scale batteries of short subtests the
effect on subtest scores will be more pronounced.
In such situations one might find merit in reporting
the Bayesian multiple regression estimate of each
true score given all of the observed scores. This
approach has been suggested by Cronbach and
Furby (1970) for the estimation of change scores.
Since only a single overall population is identified
there will be no unfairness to any individual. When
the intercorrelations of the subtest scores are more
than trivial this can result in a substantial increase
in the reliability of each subtest.

When used to estimate institutional parameters
or regression coefficients, in either a gutdance or a
selection context, the model |l estimates are also
not subject to any unfairness criticism. This
application is important because by using prior and
collateral information in a Bayesian anatysis we can
typically obtain any specified degree of precision
with a smaller sample size than a model! | analysis
would require. It really makes no sense to estimate
each institutional parameter, or for that matter to
do every validity study, as if we were starting from
a state of ignorance.

The immediately most important application
of the Bayesian model 11 analysis, in my judgment,
is to the estimation of regression parameters. Each
of the guidance-oriented testing programs
mentioned earlier incorporates predictions of
academic performance as an important piece of
information to be supplied to the student. The
growth in the number and diversity of programs at
the community college level and the relative
smallness of individual programs suggest that we
shall often not have enough data on a particular
curriculum within a particular college to estimate
the partial regression weights with satisfactory
accuracy. Analyses that we have done on data from
each of the three guidance testing programs
confirm this expectation. The problem will become
even more acute as we sharpen our focus on
post-training criteria and are then inevitably faced
with drastically reduced sample sizes.

What we will need to do is recognize that in
carefully specified groupings of community col-
leges, for example, regression coefficients for a



particular curriculum do not differ too greatly
across colleges. We can expect some differences in
the regression weights because of minor differences
in curriculum content and grading standards, buta
great deal of similarity can be expected.

Recently Professor D. V. Lindley of University
College London has supplied us with a full
Bayesian model Il analysis for regression in
m colleges. The result of this analysis in the single
predictor case is to regress the regression weight for
each college towards the average of the regression
. weights across colleges. Here the amount of regres-
sion depends largely on the true variance of the
regression weights across colleges and on the
sample size within the particular college. According
to statistical theory, the Bayesian estimates of the
regression weights should, on the average, be more
accurate than the usual model | estimates. We have
now completed the programming of Lindley’s very
complex solution to this problem and have applied
the technique extensively to the estimation of
regression parameters obtained from one testing
program. We have done this for both simple linear
regression and for multiple regression.

Table 1 gives the results of one such analysis.
The usual least squares estimates of model! | are
given in the first column. Notice that two of these
estimates are negative. Neither | nor any person |
have consulted really believe that the true values
are negative. in the second column the estimates
obtained from Lindley’'s model || Bayesian analysis
are given. These values certainly more nearly
correspond with what we think the true state of

affairs to be.

In order to check the reasonableness of our
Bayesian solution, we have also developed a
classical model Il analysis {Jackson, Novick &
Thayer, 1970; Jackson, in press}. The third column
of Table 1 gives the values obtained from this
analysis. The relative closeness of the solutions in
columns 2 and 3, and their substantial difference
from the solution in the first column, suggest to us
that the Bayesian solution is both accurate and
useful. Recent data analyses that we have done
suggest that predictions based on the ACT Test will
similarly benefit from a Bayesian treatment. |
should also mention that an empirical Bayes
procedure for this problem {Martz & Krutchkoff,
1969) has also recently been published but we have
not yet completed our study of this work. ,

The assumptions upon which the Lindley
derivation is based require that this kind of analysis
be done by a Bayesian statistician only in close
collaboration with an educational specialist. The
grouping of colleges into homogeneous groups in
order to satisfy the exchangeability assumption
may be very important. We have high expectation
that empirical work will show that when the
Bayesian method is carefully applied it will yield
very meaningful improvements in prediction over
the classical modei | analysis. If this is true,
Professor Lindley’s work will prove to be a major
contribution to guidance technology, and more
generally, to the development and use of educa-
tional information systems. '



Table 1

Comparison of Three Estimates of Regression Coefficients
Comparative Guidance Program—Education Curriculum
Regression of GPA on Vocabulary Score?

Least Least

College Squares Classical College Squares Classical

No. Estimates Bayesian Model 11 No. Estimates Bayesian Model (|
1 2.2 29 2.7 11 1.5 2.7 2.2
2 -1.6 20 04 12 3.1 3.1 3.1
3 5.1 3.6 4.0 13 2.6 3.0 2.7
4 4.9 3.9 4.4 14 34 3.1 34
5 2.6 3.0 2.8 15 3.8 3.4 3.5
6 -0.1 2.2 1.7 16 . 2.2 2.8 2.6
7 9.3 44 6.3 17 1.1 24 1.7
8 3.4 3.2 3.3 18 3.9 3.6 3.7
9 3.7 3.4 3.5 19 4.0 3.5 3.8
10 0.1 1.9 1.1 20 4.7 3.9 4.3
21 5.9 4.0 5.0

3Acknowledgment is made to Educational Testing Service for making data available for this analysis.
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